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Abstract In this paper, we investigate the dynamics of a
heavy quark for plasmas corresponding to three dimensional
hairy black holes. We utilize the AdS/CFT correspondence to
study the holographic Brownian motion of this particle with
different kinds of hairy black holes. For an uncharged black
hole in the low frequency limit we derive analytic expressions
for the correlation functions and the response functions and
verify that the fluctuation–dissipation theorem holds in the
presence of a scalar field against a metric background. In the
case of a charged black hole, we think that the results are
similar to that derived for an uncharged black hole.
1 Introduction
Heavy-ion collision experiments at RHIC are believed to cre-
ate a strongly coupled quark gluon plasma (sQGP) [1–3]. The
QGP is a phase of QCD that is thought to be very similar to
the plasma of N = 4 super Yang Mills theory at finite tem-
perature. One of the current challenges in theoretical particle
physics is to compute the properties of this strongly coupled
plasma. The AdS/CFT correspondence [4–7] has led to many
profound insights into the nature of strongly coupled gauge
theories. This gauge/gravity duality provides the possibility
of computing some properties of QGP [8–11]. QGPs con-
tain quarks and gluons, like hadrons, but unlike hadrons, the
mesons and baryons lose their identities and dissolve into a
fluid of quarks and gluons. A heavy quark immersed in this
fluid undergoes the Brownian motion [12–15] at finite tem-
perature. The AdS/CFT correspondence can be utilized to
investigate the Brownian motion of this particle. In the con-
text of this duality, the dual statement of the quark in QGP




from the boundary to the black-hole horizon. The black-hole
environment excites the modes of the string by Hawking radi-
ation. It was found that, once these modes are quantized,
the end point of the string at the boundary shows a Brow-
nian motion which is described by the Langevin equation
[13–15].
In the formulation of the AdS/CFT correspondence, the
fields of gravitational theory would be related to the cor-
responding boundary theory operators [6,7], such as that
their boundary value should couple to the operators. In this
way, instead of using the boundary field theory to obtain
the correlation function of the quantum operators, one can
determine these correlators by the thermal physics of black
holes and use them to compute the correlation functions.
For different theories of gravity one can make an associ-
ation with various plasmas in the boundary. In this paper
we follow different works [16–22] to investigate the Brow-
nian motion of a particle in a two dimensional plasma
of which the gravity dual is described by a three dimen-
sional hairy metric background [23–31]. We obtain the solu-
tions to the equation of motion of uncharged hairy black
holes by using a matching technique in the low frequency
limit. We utilize these solutions in investigating the Brow-
nian motion of the particle. We obtain an expression for
the response functions and correlation functions and show
that the fluctuation–dissipation theorem holds in the pres-
ence of a scalar field against a metric background. For
the case of a charged black hole we make some com-
ments.
This paper is structured as follows: in Sect. 2, we review
different kinds of three dimensional hairy black holes.
Section 3 is assigned to looking for a holographic realiza-
tion of Brownian motion on the boundary and bulk side of
theory. We study the holographic Brownian motion in hairy
black holes and the fluctuation–dissipation theorem in the
presence of a scalar field in a metric background in Sect. 4.
In Sect. 5, we summarize our work in this paper and make
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some comments on our results and close with our conclu-
sions.
2 Hairy black holes in 2 + 1 dimensions
There is already a huge amount of literature on the subject
of gravity coupled with a scalar field [23–26,28–31]. Black-
hole solutions in such theories are known as hairy black holes.
In this paper, we are interested in the study of the black-hole
solution in Einstein–Maxwell–scalar gravity with a nonmin-














where ξ is the coupling constant between gravity and the
scalar field, which will be fixed be as ξ = 18 [24].
A static, circularly solution to the above action which rep-
resents a charged hairy black hole can be written thus:






















Q is the electric charge, l is an integration constant, and B is




r + B . (4)
When B = 0, the scalar field φ vanishes, and the system
becomes the Einstein–Maxwell–AdS theory. The solution is
known as a static charged BTZ black hole [31]. We have
f (r) = r
2
l2




where M is the mass of BTZ black hole. The horizon radius












In the case of an uncharged black hole we set Q = 0 in














is the black-hole horizon with
Y (M, B) =
[
9B Ml2 + 3
√
























= r∗2 . (10)
We can derive the mass and temperature of the black hole in
terms of the entropy s as follows:
M = 3s
3
16π2l2(8π B + 3s) , T =
9s2(4π B + s)
8π2l2(8π B + 3s)2 ,
(11)
where s = 4πr+. In the special case of M = 3B2l2 , where
the self-interacting scalar vanishes, we obtain the conformal
black hole, with [26]








, T = 3s
32π2l2
. (13)
3 Holographic Brownian motion
3.1 Dictionary of Brownian motion in the boundary
In the field theory or boundary side of the AdS/CFT story for
Brownian motion, a mathematical description of this motion





γ (t − t´)p(t´) + R(t) + K (t), (14)
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where p is the momentum of the Brownian particle. The
terms on the right-hand side of (14) correspond to the fric-
tion, random, and external force, respectively, and γ (t) is the
kernel function. In a first approximation, one can assume the
following averages for the random force:
〈R(t)〉 = 0, 〈R(t)R(t´)〉 = κ0δ(t − t´), (15)
where κ0 is a constant which, due to the fluctuation–
dissipation, is related to the friction coefficient γ0 through
κ0 = γ02mT . (16)
This comes from the fact that the frictional and random forces
have the same origin at the microscopic level (collision with
the fluid constituents).
The time evolution of the displacement squared for long
times (or low frequencies) can be derived by computing the
two-point correlation function, so we find as a result the fol-
lowing relation:
〈s(t)2〉 = 〈[x(t) − x(0)]2〉 ≈ 2Dt, for t 	 1
γ0
(17)
where D = T
γ0m
is the diffusion constant and we have
assumed that 〈mx˙2〉 = T .
After applying the Fourier transformation for relation (14)
one can obtain
p(ω) = R(ω) + K (ω)
γ [ω] − iω . (18)
If we take the statistical average of (18), then we have
〈p(ω)〉 = μ(ω)K (ω), μ(ω) ≡ 1
γ [ω] − iω ; (19)
here μ(ω) is known as the admittance. So we can determine
this quantity by measuring the response p(ω) to an external
force.





dt〈O(t0)O(t0 + t)〉eiωt , (20)
and it is related to the two-point function because of the
Wiener–Khintchine theorem,
〈O(ω)O(ω´)〉 = 2πδ(ω + ω´)IO(ω). (21)
For the case without external force, i.e., K = 0, by using
(18) and after some algebra, one gets
κ(ω) = IR(ω) = Ip(ω)|μ(ω)|2 . (22)
This will be important for checking the validity of the
fluctuation–dissipation theorem.
3.2 Brownian motion in the bulk
An external quark on the boundary theory can be realized
as the endpoint of an open string which is hung from the
boundary and dips into the black-hole horizon. The dynamics
of this string is governed by the Nambu–Goto action [17–20],





where gab = Gμν∂a Xμ∂b Xν denotes the induced metric
on the worldsheet. We set τ = t and σ = r to work
in the static gauge. Our string embedding is then given by
Xμ(t, r) = (t, r, ψ(t, r)). This string stretches along the r
direction and has small fluctuations in the transverse direc-
tion ψ(t, r). For ψ(t, r) = c, one can check that this yields a
trivial solution which corresponds to a quark in equilibrium
with a thermal bath. In this case the mass of the particle can










for rb 	 r+, (24)
where rb is the position of a boundary and r+ is defined by
the radius of the horizon of the black hole.
If the scalar ψ(t, r) does not fluctuate too far from its
equilibrium values (ψ(t, r) = 0), we can expand the Nambu–
Goto action up to quadratic order in the perturbations [3] as








where ψ ′ ≡ ∂rψ and ψ˙ ≡ ∂tψ .
If we consider an external force on the Brownian particle
as in (14), we can obtain the admittance from the response of
particle to this force. This situation can easily be realized by
turning on world-volume electric field on the flavor D-brane
at r = rb. Since the endpoint of sting is charged, this is the
same as adding a boundary term to the Nambu–Goto action,
S = SN G + SE M , where
SE M =
∮
(At + Aψψ˙)dt. (26)
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This will affect the motion of the external quark on the bound-
ary and will not play any role for the string dynamics on the
bulk. We leave this part of the action for now but we will
need it later.
The Nambu–Goto action (25) near the horizon limit r ∼
r+ becomes




ψ ′2 − ψ˙2
]
. (27)
Here, the primes stand for derivatives with respect to the
tortoise coordinates r∗, which is defined by
dr∗ = drf (r) . (28)
Thus, the equation of motion is then
(∂2r∗ − ∂2t )ψ = 0, (29)
which shows that in the near horizon limit ψ behaves like
massless Klein–Gordon scalars. If we define ψ(t, r) =
e−iωt gω(r), then the two independent solutions to Eq. (29)
are
ψout(t, r) = e−iωt gout(r) ∼ e−iω(t−r∗) (30)
ψ in(t, r) = e−iωt gin(r) ∼ e−iω(t+r∗). (31)
Following the standard quantization of quantum fields in











uω(t, r) = η
[







= 2πδ(ω − ω´). (33)
η and δ are constants that are found by requiring the normal-
ization of modes through the standard Klein–Gordon inner
product and the boundary condition at r = rb, respectively.
The string modes satisfy the Bose–Einstein distribution:
< a†ωaω´ >=
2πδ(ω − ω´)
eβω − 1 , (34)
with β = 1T . Using this and the mode expansion given in
(33), we compute



















eβω − 1 |g
out(rb) + δ gin(rb)|2. (35)
From the above relation we can easily derive the general form
of the momentum correlator,







eβω − 1 |g
out(rb) + δ gin(rb)|2. (36)
Eventually, the displacement square can be obtained from
the relation (35) as follows:
S2(t) =
〈








eβω − 1 |g
out(rb) + δ gin(rb)|2.
(37)
4 Brownian motion in Hairy black holes
4.1 String dynamics in Hairy black holes and the response
function
By having the knowledge of last sections at hand, we are now
able to realize the Brownian motion of a particle moving on
the boundary of hairy black holes. The dual state of such a
particle is an open string which extends from the boundary
to the horizon of the hairy black holes. We can obtain the
dynamics of this string through the Nambu–Goto action (25).









f (ρ) gω(ρ) = 0, (38)
where we have defined ρ = r
rh
and used ψ(t, r) =
e−iωt gω(r). In general, one can check that it is not possi-
ble to solve the above equation analytically for any kind of
f (r) defined in Sect. 2. However, we can employ the low fre-
quency approximation by means of the matching technique
[17,20–22]. To find the solutions in this way, we consider
three regimes:




(II) the solution for arbitrary ρ in the limit υ  1, and
(III) the asymptotic ρ → ∞ solution for arbitrary υ,
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and find the approximate solutions for each of regimes. Then
we match them to leading order inυ. We implement the above
method for each kind of uncharged and charged hairy black
holes separately. In this section, we begin our discussion with
the special case of a conformal black hole, then we continue
on an uncharged black hole with a general mass. We study
the charged hairy black hole at the end of this section.
4.1.1 Uncharged black hole with the special mass
(conformal black hole)
In the conformal black hole, with f (r) defined through Eq.
(12), we expect two solutions in regime (I) of the form of
Eqs. (31) and (32). In the tortoise coordinate system utilized
in those solutions, the (t, r∗) part of the metric is confor-
mally flat and the equation of motion near the horizon has a
behavior similar to the wave equation in flat space. Thus, we





ln(2B − r) (39)
near the horizon, and r = 2B, for the conformal black hole.
In fact, in the near horizon regime, our equation of motion
for this kind of black hole reduces to
gυ(ρ)′′ + 1
ρ − 1 gυ(ρ)
′ + 16υ
2
81(ρ − 1)2 gυ(ρ) = 0, (40)
and consequently independent solutions are obtained:
gout/inυ (ρ) = e±
4iυ
9 ln(ρ−1) = 1 ± 4iυ
9
ln(ρ − 1) + O(υ2).
(41)
We can expand gυ(ρ) as a power series in υ for regime (II);
then we have
gυ(ρ) = g(0)υ (ρ) + υg(1)υ (ρ) + υ2g(2)υ (ρ) + · · · (42)











The general solution in this regime for any kind of f (ρ) is
given by
g(0)υ = B1 + B2
∫ dρ
ρ2 f (ρ) . (44)
In the special case of a conformal black hole we attain




ln(2ρ + 1) − ln ρ
+ 1
9




In the regime (III), one has f (ρ) → 4B2ρ2l2 for ρ → ∞, and








+ υ2gυ(ρ) = 0 . (46)
The general solution to the above equation can be found as
a series expansion in 1
ρ
















In order to have asymptotic solutions at low frequencies, we
require the coefficients. So we expand (45) near the horizon
and match the solution with (41) to find B1 and B2. From
(41) and (45) it follows that
B(out/in)1 = 1 ∓
4iυ
9
(8 ln 3 − 2),
B(out/in)2 = ±4iυ. (48)
Finally, expanding the solution in (45) for ρ → ∞ yields








By comparing Eq. (49) with (47) and using (48) we obtain














Thus, the asymptotic solutions, in the low frequency limit,
and for corresponding modes of outgoing and incoming
wavefunctions at the horizon, are obtained:





















We now turn our attention to the case that an external force
is imposed on the Brownian particle. We can compute the
admittance from the response of the particle to this force.
As mentioned in Sect. 2, in this case, because of the new




= Fi , where Fi = −(Fit + Fi j ψ˙ j ), (52)
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with Fit = ∂i At − ∂t Ai and Fi j = ∂i A j − ∂ j Ai . For the
general metric background defined in Eq. (2) we get
Ftψ = rh f (ρ)ρ
2∂ρψ
2πα´
at ρ = ρb. (53)
The general solution for ψ is a combination of ingoing and
outgoing modes. In the semiclassical approximation, because
of Hawking radiation [32,33] outgoing modes are always
excited. Then we can write 〈ψ〉 = 〈A(in)〉e−iωt g(in)(ρ). By
using this relation in (53) and Ftψ = E0e−iωt we obtain
A(in) = 2πα´E0
rh f (ρ)ρ2g′(in)(ρ) |ρ=ρb. (54)
The position of particle is given by
〈(t)〉 = 〈ψ(t, ρb)〉 = 〈A(in)e−iωt g(in)(ρb)〉
= e−iωt 2πα´E0g
(in)(ρb)
rh f (ρ)ρ2g′(in)(ρ) | ρ = ρb, (55)
and then
〈p(t)〉 = e−iωt −2imωπα´E0g
(in)(ρb)
rh f (ρ)ρ2g′(in)(ρ) |ρ=ρb. (56)




rh f (ρ)ρ2g′(in)(ρ) |ρ=ρb. (57)
For the conformal black hole in the zero frequency and rb
rh
	






4.1.2 Uncharged black hole with the general mass
The uncharged black hole, with f (r) defined through relation
(7), can be investigated in a similar way to the conformal















with a = r1
r+ and b = r2r+ . Thus, we find our solutions in this
regime near the horizon to have the following form:




In the regime (II), from Eq. (54) for this kind of black hole,
one can obtain
g0υ(ρ) = B1 + B2
[− ln(ρ)
ab
+ ln(ρ − 1)
(a − 1)(b − 1)
+ ln(ρ − a)
a(a − b)(a − 1) −
ln(ρ − b)
b(a − b)(b − 1)
]
. (61)
By expanding (61) and comparing it with the above relation
in the limit ρ → 1, B1 and B2 are easily derived as follows:










For solutions in the regime (III), we use Eq. (46) and obtain
similar solutions for the conformal black hole. As before, we
expand the solutions in the regime (II) for ρ → ∞ and com-
pare them with solutions in the regime (III) to get coefficients
C1 and C2; then we have
C1 = B1, C2 = ∓ 1
υ2
. (63)
Finally, our asymptotic solutions, in the low frequency limit
can be obtained as


















Now, if we consider the case that an external force is imposed
on the Brownian particle, we can derive the admittance by





where we assumed the zero frequency and the rb
r+ 	 1 limit.
In the above relation, the parameter r+ is related to the tem-
perature and mass of the black hole through the following
equation:
4πT r3+ − 3Mr2+ = −M2l2. (66)
4.1.3 Strings in the charged hairy black hole
In the case of a charged hairy black hole, the method of solv-
ing the equation of motion is the same as in the last section. It
means that we must work in the same three regimes as intro-
duced before. The first step is to derive the tortoise coordinate
from the relation (28). The behavior of this parameter near
the horizon helps to derive the solutions in the regime (I). In
the next step we obtain solutions in the regime (II), through
123
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the relation (44). By expanding these solutions near the hori-
zon and matching them with the solutions in regime (I), one
can obtain the exact solutions in regime (II). The final step is
to derive the asymptotic solutions from expanding the solu-
tions in the regime (II) for ρ → ∞ and comparing them with
Eq. (46) in regime (III). In working through the above pro-
cesses for a charged hairy black hole, we encountered some
problems. In fact, solving the integrals (28) and (44) for f (r)
defined through (3) is rather difficult. It seems that for this
kind of black hole, we will achieve a similar relation for the
admittance, i.e., μ(0) = 2πα′m
r2+
. So, the admittance param-
eter will be related to the charge, mass, and temperature of
the black hole (e.g. Eq. (6) for the charged BTZ black hole).
This statement is an opinion and we would like to confirm it
in future work.
4.2 Displacement square and the fluctuation–dissipation
theorem
This section is devoted to the computation of the displace-
ment squared of the external quark and to the investigation
of the fluctuation–dissipation theorem. The knowledge of the
computation of the displacement squared is to be found in
Sect. 3 for an arbitrary background. We use this knowledge
for our hairy metric backgrounds. To start with, we consider
the case that the fluctuating electric fields are turned off, i.e.,
the case of free Brownian motion. According to (53) this is
rh f (ρ)ρ2∂ρψ
2πα′
= 0 at ρ = ρb. (67)
We know that ψ(t, r) can be written as the sum of outgoing
and ingoing modes (recall Eq. (33)),
ψ(t, ρ) = η
[
g(out)(ρ) + δ g(in)(ρ)
]
e−iωt . (68)





δ is a pure phase and g(out) = g(in)∗. For hairy black holes





for uncharged black holes, to leading order in the frequency
one finds δ = 1 and then ∣∣g(out) + δ g(in)∣∣2 = 1 + O(υ2).
Thus, we deduce the late-time behavior of the displacement

























and then D = 9α′32l4πT . For a general mass in the uncharged
black hole, the radius of the horizon depends on the mass and
temperature of the black hole, so, in this case, the diffusion
constant has a dependence on mass and temperature of the
black hole.
Now we have come to the end of this section, we turn our
attention to an investigation of the fluctuation–dissipation
theorem, see Eq. (16). In order to check this, we compute the
random force autocorrelation in (23) to obtain the coefficient
κ0. From (36) we can derive the correlator of the momentum
as















eβω − 1 . (73)
Therefore,




eβω − 1 . (74)





this gives the coefficient κ0 = r
2+T
πα′ , which in the special case
of a conformal black hole is equal to κ0 = 64πl4T 39α′ . By check-
ing Eq. (16), we see that the fluctuation–dissipation theorem
holds in the plasma where the corresponding gravity is for a
three dimensional uncharged hairy black hole. In the case of
a charged hairy black hole, as for the uncharged black hole,
we think that this theorem also holds. Because it seems that
in the low frequency limit the g(ρ) function for a charged
black hole has a similar behavior to the g(ρ) function for an
uncharged black hole.
5 Conclusion
In this paper, we obtain the normalized asymptotic solutions
(including outgoing and ingoing modes) to the equation of
motion of uncharged hairy black hole at low frequencies. By
123
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using those solutions, we derive the response function and
correlation function for an uncharged black hole with general
mass and special mass M = 3B2l2 separately. We found that
the admittance and diffusion constant are dependent on the
scalar parameter B and the mass of the black hole through
the radius of the horizon. We prove that the fluctuation–
dissipation theorem holds in the plasma where the corre-
sponding gravity is for a three dimensional uncharged hairy
black hole. In the case of a charged hairy black hole, we
cannot get an explicit solution to the equation of motion, but
we think that its behavior of as regards the asymptotic solu-
tion is similar to the uncharged case in the low frequency
limit. It means that the dependence of the admittance and the
diffusion constant on the radius of the horizon is as before
and in the case of a charged black hole is related to the scalar
parameter, charge, and mass of the black hole. This statement
should be confirmed in future work.
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